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Setup

◼ 𝐾 Arms indexed by 1,2, … 𝐾． Also referred to as treatment arms or arms.

◼ Potential outcome.   𝑌𝑎 ∈ ℝ．

◼ Distribution.  𝑌𝑎 follows a distribution 𝑃𝝁, where 𝝁 = 𝜇𝑎 𝑎∈[𝐾] ∈ ℝ𝐾. 

• The mean of 𝑌𝑎 is 𝜇𝑎 (and only the mean can take different values). 

• For simplicity, let 𝑃𝝁 be a Gaussian distribution with variance 𝜎𝑎
2. 

◼ Goal.   Find the following best arm 𝑎𝝁
∗ ≔ arg max

𝑎∈ 1,2,…,𝐾
𝜇𝑎 efficiently: 

Procedure

◼ Adaptive experimental design with 𝑻 rounds

1. Allocation phase: in each round 𝑡 = 1,2, … , 𝑇:

• Draw arm 𝐴𝑡 ∈ 𝐾 ≔ 1,2, … , 𝐾  using 𝐴𝑠, 𝑌𝑠 𝑠=1
𝑡−1.

• Observe the outcome 𝑌𝑡 = σ𝑎∈ 𝐾 1 𝐴𝑡 = 𝑎 𝑌𝑎,𝑡.

2. Decision-making phase: at the end of the experiment: 

• Obtain an estimator ො𝑎𝑇 of the the best arm using 𝑋𝑡, 𝐴𝑡, 𝑌𝑡 𝑡=1
𝑇 .

Regret 

◼ Expected simple regret: Regret𝝁 ≔ 𝔼𝝁 𝑌𝑎𝝁
∗ − 𝑌ො𝑎𝑇

.

◼ Our goal is to minimize the expected simple regret.

Evaluation framework

➢ Minimax analysis.  

• Evaluate the regret for the worst-case 𝝁.

• We evaluate sup
𝝁∈ℝ𝐾

Regret𝝁

➢ Bayes analysis.   

• A prior Π is given.

• Evaluate the regret by summing them weighted by the prior.

• We evaluate ׬ℝ𝐾 Regret𝝁 𝑑Π(𝜇).

◼ The simple regret can be written as Regret𝝁 = 𝔼𝝁 𝑌𝑎𝜇
∗ − 𝔼𝝁 𝑌ො𝑎𝑇

= σ𝑏≠𝑎𝜇
∗ 𝜇𝑎𝜇

∗ − 𝜇𝑏 ℙ𝝁 ො𝑎𝑇 = 𝑏 .

• ℙ𝝁 ො𝑎𝑇 ≠ 𝑎𝜇
∗  roughly upper bounded by σ𝑏≠𝑎𝜇

∗ exp −𝐶∗ 𝑇 𝜇𝑎𝜇
∗ − 𝜇𝑏

2
 for some constant 𝐶∗ > 0. 

Regret analysis: For simplicity, let 𝐾 = 2. Define 𝛥𝜇 = 𝜇1 − 𝜇2.

◼ For some constant 𝐶 > 0,Regret𝝁 = 𝛥𝝁( ො𝑎𝑇 ≠ 𝑎𝜇
∗ ) can be written as Regret𝝁 ≈ 𝛥𝝁 exp −𝐶𝑇 𝛥𝝁

2

 The dependency of 𝛥𝝁  on 𝑇 affects the evaluation of the regret. 

•  𝛥𝜇 converges to zero with an order slower than 1/ 𝑇 → For some increasing function 𝑔, Regret𝝁 ≈ exp −𝑔 𝑇 .

•  𝛥𝜇 converges to zero with an order of 1/ 𝑇 → For some 𝐶 > 0, Regret𝜇 ≈
C

𝑇
.

•  𝛥𝜇 converges to zero with an order faster than 1/ 𝑇 → Regret𝝁 ≈ 𝑜(1/ 𝑇) 

→ In the worst case, Regret𝝁 ≈
C

𝑇
 , where 𝛥𝜇 = 𝑂 1 𝑇 )．

◼ Two-Stage-Empirical-Best-Arm (TS-EBA) Strategy 𝜹𝐓𝐒−𝑬𝑩𝑨.

1. Allocation phase

Split 𝑇 into the first 𝑟𝑇 rounds and the second 1 − 𝑟 𝑇 rounds. 

① First stage:

• Allocate each arm with equivalent ratio 
𝑟𝑇

𝐾

• We select candidates of the best arms as መ𝒮 ⊆ 𝐾 . 

• Obtain an estimator ො𝜎𝑎,𝑟𝑇
2  of the variance 𝜎𝑎

2. (sample variance). 

② Second stage (we do not allocate arm 𝑎 ∉ መ𝒮 from this stage): 

• If መ𝒮 = 1, return arm 𝑎 ∈ መ𝒮  as an estimate of the best arm.

• If መ𝒮 = 2,  allocate arm 𝑎 ∈ መ𝒮 with probability 𝑤𝑎,𝑡 ≔
ෝ𝜎𝑎,𝑟𝑇

ෝ𝜎1,𝑟𝑇+ෝ𝜎2,𝑟𝑇
.

• If መ𝒮 ≥ 3, allocate arm 𝑎 ∈ መ𝒮 with probability 𝑤𝑎,𝑡 ≔
ෝ𝜎𝑎,𝑟𝑇

2

σ
𝑏∈ መ𝒮

ෝ𝜎𝑏,𝑟𝑇
2 .

2. Decision-making phase:

• Return ො𝑎𝑇 = arg max
𝑎∈[𝐾]

Ƹ𝜇𝑎,𝑇 .

• Ƹ𝜇𝑎,𝑇 ≔
1

σ𝑡=1
𝑇 1 𝐴𝑡=𝑎

σ𝑡=1
𝑇 1 𝐴𝑡 = 𝑎 𝑌𝑡 is the sample mean. 

✓Remark:  How to select candidates መ𝒮?

Let 𝑣𝑎,𝑞𝑇 ≔
log 𝑇

𝑇
ො𝜎𝑎,𝑟𝑇 , and ො𝑎𝑟𝑇 = arg max

𝑎∈[𝐾]
ො𝜇𝑎,𝑟𝑇 . 

Construct lower and upper confidence bounds as ො𝜇𝑎,𝑟𝑇 − 𝑣𝑎,𝑞𝑇 and ො𝜇𝑎,𝑟𝑇＋𝑣𝑎,𝑞𝑇.

Define መ𝒮 as መ𝒮 ≔ 𝑎 ∈ 𝐾 ∶ ො𝜇𝑎,𝑟𝑇＋𝑣𝑎,𝑞𝑇 ≥ ො𝜇 ො𝑎𝑟𝑇,𝑟𝑇 − 𝑣 ො𝑎𝑟𝑇,𝑟𝑇 .

◼ For the TS-EBA strategy, we prove the minimax and Bayes optimality.

◼ Let ℰ be a set of consistent strategies. For any 𝛿 ∈ ℰ, it holds that 

ℙ𝜇 ො𝑎𝑇
𝛿 ≠ 𝑎𝜇

∗ → 0. 

Minimax optimality.

lim
𝑇→∞

sup
𝜇∈ℝ𝐾

𝑇 Regret𝜇
𝛿TS−EBA

≤ max
1

𝑒
max
𝑎≠𝑏

𝜎𝑎 + 𝜎𝑏 ,
𝐾 − 1

𝐾
෍

𝑎∈ 𝐾

𝜎𝑎
2 log 𝐾

≤ inf
𝛿∈ℰ

lim
𝑇→∞

sup
𝜇∈ℝ𝐾

𝑇 Regret𝜇
𝛿 .

Bayes optimality. 

lim
𝑇→∞

𝑇 න
𝜇∈ℝ𝐾

Regret𝜇
𝛿TS−EBA

𝑑Π(𝜇)

≤ 4 ෍

𝑎∈ 𝐾

න
ℝ𝐾−1

𝜎∖ 𝑎
2∗ ℎ𝑎 𝜇∖ 𝑎

∗ 𝝁∖ 𝑎 𝑑𝐻∖ 𝑎 𝝁∖ 𝑎

≤ inf
𝛿∈ℰ

lim
𝑇→∞

𝑇 න
𝜇∈ℝ𝐾

Regret𝜇
𝛿 𝑑Π 𝜇 ,

• 𝜎∖ 𝑎
2∗ = 𝜎𝑏∗

2   and 𝜇∖ 𝑎
∗ = 𝜇𝑏∗, where  𝑏∗ be arg max

𝑐∈ 𝐾 ∖{𝑎}
𝜇𝑎. 

• 𝝁∖ 𝑎  is a parameter vector which removes 𝜇𝑎 from 𝝁. 𝐻∖ 𝑎 𝝁∖ 𝑎  is 

a prior  of 𝝁∖ 𝑎 .
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