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Bridging the Gap between Empirical Welfare
Maximization and Conditional Average Treatment
Effect Estimation in Policy Learning
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Consider binary treatments 1 and 0O, e.g., AB testing.
Two approaches in policy learning in causal inference:
* Counterfactual Risk Minimization (CRM).

* Plugin approach with Conditional Average Treatment Effect (CATE) estimation.
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Policy learning
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Existing results: we should use CRM since it directly solves the decision-

making problem directly.
— Really?

We reveal that at the optimization level, these problems are closely

[ 1. Potential Outcomes and Observations } [

3. Welfare }

Potential outcome for each treatment 1 and 0: Y; and Y, € Y c R.
k-dimensional Covariates of a unit: X € X’ c R,

Treatment indicator: D € {1,0}.

Observations {(X;, D;, Y;)};-,, where (X;, D;,Y;) is ani.i.d. copy of (X,D,Y).

Good policy = a policy maximizing the following welfare:

W(r) = E[n(X)Y; + (1 — (X)) Yo

Given a policy class II, the optimal policy is defined as

m” = argmax Wi(m).

{ 2. Policy ]|

4. Counterfactual Risk Minimization J

A decision-maker recommends a treatment d given a unit’s covariates.
For the recommendation, the decision-maker uses a policy

m: X - [0, 1].
* 1(X) denotes a probability of recommending treatment 1 for the unit.
* A deterministic (0-1) policy: 1 = 1{X € G} foraregion ¢ c X.
From the observations, we aim to train a policy.
We can only observe either of Y; or Y, due to the counterfactual property.

We need to estimate the welfare function W (m).

Assume that the propensity score ey (X) = P(D = 1| X) is known.
For example, an inverse probability weighting (IPW) estimator is

~ 1 - Di 1- Di
UOER)Y (”(X") e (XD T eo(X) Yi) '
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Then, the decision-maker can train a policy as
~CRM ._ >
T = argmaxyW(m)¢ .
g max{W (m)}

* Such a method is called empirical welfare maximization or CRM.

We can also use the doubly robust estimator or other estimators for W (1)

Plugin Policy with CATE Estimation

{ 5. CATE and its Estimation } [

6. Plugin Policy J

The CATE is defined as 7o(X) := E| Y, — Yy | X |].
' 2
_(Y1 — Yo — g(X)) ];

The CATE can be estimated as g* := arg melg E
g

* (isasetof regression functions g.

Empirically, we can estimate the CATE as

We define a plugin policy as
1 if gX;) =0

Existing studies claim that a plugin policy with CATE estimation

ﬁ.plugin (Xi) —

underperforms compared with the CRM approach.

n 2
§ = arg minlz D; V. 1 —D; Y, —g(x) | . * The latter solves the decision-making problem more directly.
JEG N 4 eo(Xi) S eo(Xi) l l . . . o .
i=1 Below, we show that under restricted , CATE estimation coincides with CRM.
Llet G == {g = 2 — 1 : w € I1}, where Il is a policy class, and we use G as a model of the CATE function.
{ 7. 0-1 Policy J [ 8. [0, 1] Policy J

Consider the case where m: X’ — {1, 0} and [T is its set.

Recall that the optimal policy is given as m* := arg max W () .

mell
The optimal CATE predictor is given as g* := arg min E [(Yl —Y, — g(X))ZI.

JEGI
We can show that ™ is equivalent to g~.

Theorem: It holds that g™ = 2n™ — 1.

[Proof] Given G, we have

[(Yl — Yy — g(X))ZI

arg min E
JgeGn

Consider the case where m: X’ — |0, 1] and I is its set.

Define the regularized CRM as

AE[(2m — 1)#]}.

n*(A) = arg max{W ()
mell
« A > 0isaregularization parameter.

The optimal policy m*(A) is equivalent to the predictor trained via

*

g’ = arg min k£

geGn

(% (Y1 — Yp) — ﬁg(X))

Theorem: g*(1) = 2n*(44) — 1.

= arggréign E[(Y; = Yy)* —2g(X)(Y; — Yo) + g(X)?]
I1
= arg min E[-2g(X)(Y; — Yp) + g(X)?] = arg I;leigE[—Zg(X)(Yl —Yy) + 1]
gEeGT
= arg min E[—2g(X)(Y; — Y,)]
JEGT

We also have m* = arg El-n(X)Y, — (1 — n(X))Y,] .

min
me{m: (g+1)./2 gEG}

Thus, the proof completes.

We can derive an empirical version of this result using the IPW estimator.

Conclusion

Showed the equivalence between CRM and CATE estimation (plugin policy).

This finding suggests the following points:
« Optimization: New regularization terms in policy learning. (AE[(2m — 1)%]).

* Theory: Possibility of developing new theoretical results.
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