
PUATE: Efficient ATE Estimation 

from Treated (Positive) and Unlabeled Units

1. Contributions

Variables

• Binary treatment 1 (treatment) and 0 (control). 

• Covariates 𝑋𝑖 ∈ ℝ𝑘.

• Potential outcome 𝑌𝑖 1 , 𝑌𝑖(0) ∈ ℝ

3. Censoring setting
What kind of estimators are desirable?

→ Asymptotically efficient estimators.

= Estimators whose asymptotic variance (mean squared error) is minimum. 
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2. Setup

4. Case-control setting

5. Simulation studies

➢ We consider the following two sampling regimes in observations.
Under different sampling schemes, we can obtain different theoretical properties.

Censoring setting
◼ Observe the following dataset:

𝒟 ≔ 𝑋𝑖 , 𝑂𝑖 , 𝑌𝑖 𝑖=1
𝑛 ,

• 𝑂𝑖 ∈ 1,0 : observation indicator.
• 𝑌𝑖 ≔ 𝑂𝑖𝑌𝑖 1 + (1 − 𝑂𝑖) ෨𝑌𝑖.

• ෨𝑌𝑖 ≔ ෩𝐷𝑖 1 + (1 − ෩𝐷𝑖)𝑌𝑖(0).

• ෩𝐷𝑖 is treatment indicator.

➢ Treatment indicator is unobserved.
• If 𝑂𝑖 = 1,  we can observe 

outcomes of treated units.
• If 𝑂𝑖 = 0, we can only observe a 

outcomes of mixed treatments.

◼ Observation is a random event.

Case-control setting
◼ Observe the two datasets.

𝒟T ≔ 𝑋T,𝑗 , 𝑌𝑗 1
𝑗=1

𝑚
.

𝒟U ≔ 𝑋𝑘 , 𝑌U,𝑘 𝑘=1

𝑙
.

• 𝑚 and 𝑙 are fixed sample sizes of 
each dataset.

• 𝑌U,𝑘 ≔ 𝐷𝑖𝑌𝑘 1 + 1 − 𝐷𝑘 𝑌𝑘(0).
• 𝐷𝑖 ∈ {1,0} is a treatment indicator.
➢ Treatment indicator is unobserved.
• In 𝒟T, all units are treated.
• In 𝒟U, we can only observe 

outcomes of mixed treatments.

◼ Observation is a non-random event.

PUATE

• Goal: estimation of the average treatment effect 𝜏0 ≔ 𝔼[𝑌 1 − 𝑌(0)].

• We can only observe outcomes of the treated units and outcomes of the 

mixture of treated and controlled units.

• We cannot observe the treatment indicator directly.

✓ Novel problem setting: PUATE.

• Estimation of average treatment effects (ATEs).

• Treatment indicators are missing values.

✓ Two data-generating process: censoring and case-control settings.

✓ For each setting, we develop asymptotically efficient estimators.

Efficiency bound

◼ Lower bound for the asymptotic variance.

• Generalization of the Cramer-Rao lower bounds.

◼ For any regular estimators, the smallest asymptotic variance is given as

𝑉cens ≔ 𝔼 𝑆cens 𝑋,𝑂, 𝑌; 𝜇T,0, 𝑣0, 𝜋0, 𝑔0 − 𝜏0
2

= 𝔼 1 −
𝑔0 1|𝑋

𝑔0 0|𝑋

2
Var 𝑌 1 |𝑋

𝜋 1|𝑋
+

Var ෨𝑌|𝑋

𝑔0 0|𝑋 2𝜋 1|𝑋
+ 𝜏0 𝑋 − 𝜏0 .

◼ 𝑆cens 𝑋,𝑂, 𝑌 − 𝜏0 is the efficient score function defined as

𝑆cens 𝑋,𝑂, 𝑌; 𝜇T,0, 𝑣0, 𝜋0, 𝑔0 ≔
𝕝 𝑂 = 1 𝑌 − 𝜇T,0 𝑋

𝜋0 1|𝑋
−
𝕝 𝑂 = 0 𝑌 − 𝜐0 𝑋

𝑔0 0|𝑋 𝜋0 0|𝑋

+
𝑔0 1|𝑋 𝕝 𝑂 = 1 𝑌 − 𝜇T,0 𝑋

𝑔0 0|𝑋 𝜋0 1|𝑋
− 𝜇𝑇,0 𝑋 −

1

𝑔0 0|𝑋
𝜐 𝑋 +

𝑔0 1|𝑋

𝑔0 0|𝑋
𝜇𝑇,0 𝑋 .

• 𝜏0 𝑋 ≔ 𝔼 𝑌 1 − 𝑌 0 |𝑋 : Conditional ATE.

• 𝜇𝑇,0 𝑋 ≔ 𝔼 𝑌 1 |𝑋 , 𝜐0 𝑋 ≔ 𝔼 𝑌 1 |𝑋 : Conditional mean outcomes.

• 𝜋 𝑜|𝑋 ≔ ℙ 𝑂 = 𝑜|𝑋 : Conditional probability of observation 𝑂 = 1. 

• 𝑔0 𝑑|𝑋 ≔ ℙ ෩𝐷 = 𝑑|𝑋, 𝑂 = 0 : Conditional probability of treatment ෩𝐷 = 1

given 𝑋 and 𝑂 = 0.

Estimator

◼ Based on the efficient score (influence) function, we construct the 

following estimator for the ATE 𝜏0.

Ƹ𝜏𝑛
cens−eff ≔

1

𝑛
෍

𝑖=1

𝑛

𝑆cens 𝑋𝑖 , 𝑂𝑖 , 𝑌𝑖 ; Ƹ𝜇T,𝑛 , ො𝜐𝑛, ො𝜋𝑛, ො𝑔𝑛

• Ƹ𝜇T,𝑛, ො𝜐𝑛, ො𝜋𝑛, and ො𝑔𝑛 are the estimators of 𝜇T,0, 𝑣0, 𝜋0, and 𝑔0. 

◼ The quality of the estimation of the nuisance parameters 𝜇𝑇,0, 𝑣0, 𝜋0, and 

𝑔0 affects the root-n consistency of Ƹ𝜏𝑛
cens−eff. See below.

Asymptotic normality

• Propensity score 𝑔0 is known ( ො𝑔𝑛 = 𝑔0). 

• Assum the following convergence rate conditions hold as 𝑛 → ∞:

𝜋0 𝑑|𝑋 − ො𝜋𝑛 𝑑|𝑋 2 = 𝑜𝑝 1 , 𝜇T,0 𝑋 − Ƹ𝜇T,𝑛 𝑋
2
= 𝑜𝑝 1 ,

𝜐0 𝑋 − ො𝜐𝑛 𝑋 2 = 𝑜𝑝 1 , 

𝜋0 𝑑|𝑋 − ො𝜋𝑛 𝑑|𝑋 2 𝜇T,0 𝑋 − Ƹ𝜇𝑇,𝑛 𝑋
2
= 𝑜𝑝 𝑛−1/2 ,

𝜋0 𝑑|𝑋 − ො𝜋𝑛 𝑑|𝑋 2 𝜐0 𝑋 − ො𝜐𝑛 𝑋 2 = 𝑜𝑝 𝑛−1/2

• ො𝜇𝑇,𝑛, ො𝜐𝑛, and ො𝜋𝑛 are constructed via cross fitting or satisfy Donsker condition.

• Then, the asymptotic normality holds:

𝑛 Ƹ𝜏𝑛
cens−eff − 𝜏0 →

d
𝒩 0,𝑉cens . (𝑛 → ∞)

◼ This estimator is asymptotically efficient because the asymptotic variance 

𝑉cens matches the efficiency bound.
Illustration of the censoring and case-control settings

◼ Let 𝑛 = 𝑚 + 𝑙, where 𝑚 = 𝛼𝑛 and 𝑙 = 1 − 𝛼 𝑛 for 𝛼 ∈ (0,1).
◼ We consider asymptotic efficiency for 𝑛 → ∞. 

Estimator

◼ We use the following ATE estimator.

Ƹ𝜏cc−eff ≔
1

𝑚
෍

𝑗=1

𝑚

1 −
Ƹ𝑒𝑛 1 𝑋𝑗

Ƹ𝑒𝑛 0 𝑋𝑗
𝑌𝑗 1 − Ƹ𝜇T,𝑛 𝑋𝑗 Ƹ𝑟𝑛 𝑋𝑗

+
1

𝑙
෍

𝑘=1

𝑙
𝑌U,𝑘 − Ƹ𝜇U,𝑛 𝑋𝑘

Ƹ𝑒𝑛 0 𝑋𝑘
+ Ƹ𝜇T,𝑛 𝑋𝑘 −

Ƹ𝜇U,𝑛 𝑋𝑘
Ƹ𝑒𝑛 0 𝑋𝑘

+
Ƹ𝑒𝑛 1 𝑋𝑘 Ƹ𝜇T,𝑛 𝑋𝑘

Ƹ𝑒𝑛 0 𝑋𝑘
.

• Ƹ𝑒𝑛, Ƹ𝑟𝑛 𝑋𝑗 , Ƹ𝜇T,𝑛, and Ƹ𝜇U,𝑛 are estimators of  𝑒0, 𝑟0, 𝜇T,0, and 𝜇U,0.

• 𝜇U,0 𝑋 ≔ 𝔼 𝑌U|𝑋 : Conditional mean outcomes.

• 𝑒0 𝑑|𝑋 ≔ ℙ 𝐷 = 𝑑|𝑋 : Conditional probability of treatment 𝐷 = 1. 

• 𝑟0(𝑋) ≔
𝑝U,0(𝑋)

𝑝T,0(𝑋)
:  Density ratio between covariate densities of 𝒟T and 𝒟U.

Asymptotic normality

◼ Under appropriate conditions, we have

𝑛 Ƹ𝜏cc−eff − 𝜏0 →
d
𝒩 0,𝑉cc . (𝑛 → ∞)

◼ Here, 𝑉cc is the efficiency bound defined as

𝑉cc ≔
1

𝛼
𝔼 1 −

𝑒0 1 𝑋𝑗

𝑒0 0 𝑋𝑗
Var 𝑌 1 𝑋 𝑟0 𝑋

+
1

1 − 𝛼
𝔼

Var 𝑌U 𝑋

𝑒0 0 𝑋𝑗
+ 𝜏0 𝑋 − 𝜏0

2 .

◼ The proposed ATE estimator is efficient. 

◼ Simulation studies using synthetic datasets.

Censoring setting

• Set k = 3.
• 𝑋 is drawn from a multivariate normal dist. 𝒩(0, 𝐼𝑘)
• 𝐷 is drawn from a logistic model.

• 𝑂 is drawn from a Bernoulli dist.
• 𝜏0 = 3. 

• 𝑌 = 𝑋⊺𝛽 + 𝜏0 ∙ 𝐷 + 1.1 + 𝜀.

Case-control setting

• Set k = 3.
• 𝑋T and X are drawn from different multivariate 

normal distributions 𝒩(0, 𝐼𝑘)
• 𝐷 is drawn from a logistic model.
• 𝜏0 = 3. 

• 𝑌 = 𝑋⊺𝛽 + 𝜏0 ∙ 𝐷 + 1.1 + 𝜀.
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