Fixed-Budget Hypothesis Best Arm Identification:
On the Information Loss in Experimental Design

1. ABSTRACT

Best arm identification (BAI) with a fixed budget.

Recommend the best arm at the end of an experiment.

Contribution: Optimal experiments for BAI with a fixed budget.

Existence of an asymptotically optimal algorithm was unknown.

— Optimal experiments depend on available information.

2. PROBLEM SETTING

Adaptive experiment with T rounds: [T]| = {1,2, ..., T}.
K treatment arms: [K| = {1,2, ...,K}.

Treatment arms: alternatives of medicine, policy, and advertisements.

Each arm a has a potential outcome Y* € R.
The distributions of Y do not change.
Denote the mean outcome of an arm a by u% = E|[V¥].

Best treatment arm: an arm with the highest reward.

Denote the best treatment arm by a™ = arg m?Kg(] u
a€

P = (P%,.., PX): distribution of (Y2, ..., YX). P: a set of P.

Py, = (Pg,.., PY): true distribution of the observations.

Sequence of an experiment: at round t € [T,
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Draw a treatment arm A4; € [K]|.

Experimenter

A
Observe a reward Y, t
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After the final round T, an algorithm recommends
an estimated best treatment arm a; € [K]|.

Goal: Minimize the probability of misidentification: P|d7 # a*|.

3. EVALUATION

P[d7 + a*] converges to 0 with an exponential speed.

— Pla; # a*| = exp(—T(*)) for a constant (x)
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Consider evaluating the term (x) by

lim sup —%log Pla; + a”].

T — o0

A performance lower (upper) bound of P[a} # a*] is
an upper (lower) bound of lim sup —%log Pla; +# a”].

T — o0
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4. INFORMATION LOSS IN EXPERIMENTS

Different experiments are asymptotically optimal under

different available information about outcomes’ distribution .

Consider lower bounds for P[d; # @™ | weserbounds for tim sup —Liogpia = .

T—oco

Case 1: complete distributional information is available.

Any experiment i satisfies

: . ~TT * < . . a a
lim ﬁgg Tlog Plaf # a*] < arén[lr{l] érel:;f> max Z w(a)KL(Q4% Pg).

1*(Q)—p(Q)<0 a€lK]

W is a set of functions w: |K] — [0,1] such that 2iae[K] w(a) =1.

« w*=arg max 2iaex) W(@KL(QY, Py') is referred to as the target

allocation ratio, which represents optimal ratio of arm draws.

Case 2: When only partial information is available, we

approximate the KL divergence by the variances of outcomes.
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«  (0%)?: variance of an outcome Y%,

« Assume that the variances are the same among P € P.

As A = max u% — u® - 0, KL(Q¢, P§) is approximated by the variance.
a
Any experiment i satisfies
A? _
+ 0(A?).

- - A * < -
lim sup —7logPlar # a’] < ae[%\%a*}we%z( T o)

@)+ wia)

has a closed form.

« w' =argmax), !
— gWEW a€lK] sa* L a@
w(a*)  w(a)

, wi@) = (1 - w(a)) —
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. wi(a) = 2
o +sze[K]\{a*}(5b)

w* depends on a”.

— Use some proxy (conjecture) for a* in experiments

= We refer to this proxy as the hypothetical best treatment arm.

Case 3: If hypothetical best arm is also unknown, we consider

the following worst—case lower bound.

. A?(P) = maxu® (P) — u%(P), where u(P) is the mean under P.
a

« Any experiment T satisfies
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9. ASYMPTOTICALLY OPTIMAL EXPERIMENTS

Based on available information, we design optimal experiments.

A sample average estimator for u%: [I7 = >T I_11[A; = a]YV2.

L] N\ — /\a
In all experiment, we recommend d; = arg Crlrel?%] Lt .

We optimize a sampling rule that generates a sequence of A, A,, ..., A7.

Case 1: complete information is available.

Non—adaptive experiment (samples are i.i.d.).

Compute w* = arg max 2aerx) W(@KL(QY, Py).
we

Draw treatment arms (A4;) following the ratio w*.

Case 2: Only variance and hypothetical best arm are available,

Non—adaptive experiment (samples are i.i.d.).

Compute w*(a*) =

57" crn cr o (a?)°
0%+ | peixary(0P) be[K]\{a"}

Draw treatment arms (A4;) following the ratio w™.

Case 2 : Only hypothetical best arm is available.

Adaptive experiment (samples are non—i.i.d.).

Estimate w* in Case 2 by replacing the variance (%)% with its

estimator (6%)? (a sample variance).
Procedure of experiments.
Split T rounds into two stages.

At the first stage, we uniformly randomly draw arms.

At the second stage, we draw arms (A;) following an estimated ratio w.

Case 3: No information is available.

Adaptive experiment (samples are non—-i.i.d.).

. . 1
Compute W = max min .
WEW  bE[K] 2( g © )

+
aelk]\(py W W@
Under these experiments, the probabilities of misidentification
match the lower bounds.
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