
Unified Perspective on Probability Divergence 
via the Density-Ratio Likelihood:
Bridging KL-Divergence and Integral Probability Metrics

1. Introduction

n Let 𝑟 𝑥 be a model of 𝑟∗(𝑥) = "∗ #
$∗(#), and ℛ be a class of 𝑟．

→ A model of 𝑝∗ 𝑥 is given as 𝑝 𝑥 = 𝑟 𝑥 𝑞∗(𝑥).

n For observations 𝑋' '()* ∼ 𝑝∗, the likelihood of the model 𝑝 𝑥 is

ℒ 𝑟 =,
'()

*

𝑝(𝑋') =,
'()

*

𝑟 𝑋' 𝑞∗(𝑋') .

• The log likelihood is given as ℓ 𝑟 = ∑'()* log 𝑟 𝑋' + ∑'()* log 𝑞∗(𝑋') .

Ø Nonparametric maximum likelihood estimation of density ratios.

n We can estimate 𝑟∗ by solving

max
+∈ℛ

1
𝑛
9
'()

*

log 𝑟 𝑋' s. t. <𝑟 𝑧 𝑞∗ 𝑧 d𝑧 = 1

• The constraint is based on ∫ 𝑟∗ 𝑥 𝑞∗ 𝑥 𝑑𝑥 = ∫ 𝑝∗ 𝑥 𝑑𝑥 = 1.
• This formulation is equivalent to KLIEP (Sugiyama et al., 2008). 

n Consider two distributions ℙ and ℚ with a common support.

• We can relax the common support assumption later.

n Let 𝑝∗ and 𝑞∗ be the density functions of ℙ and ℚ, respectively.

Ø Define the density ratio (function) as 

𝑟∗ 𝑥 = "∗ #
$∗ # .

n We can estimate 𝑟∗(𝑥) by maximum 

likelihood estimation.
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Ø How to measure probability divergences?

• Kullback–Leibler (KL)-divergence. 

• Integral Probability Metrics (IPMs). Ex. Wasserstein distance and MMD.

Ø We provide a unified view for the KL-divergence and IPMs from the 

perspective of maximum likelihood density-ratio estimation (DRE). 

• We define several likelihoods based on different sampling schemes. 

→ We derive KL-divergence and IPMs from the different likelihoods.

Ø Reveal the relationships between probability distances and density ratios.

→ Understand the divergences and widen their applications.

Ø DRE: estimate the density ratio by maximizing the likelihoods.

• DRE from two Gaussian distributions with different dimensions. 

• Compare the performances of DRMs-based DRE with the uLSIF (Kanamori 
et al., 2009) and RuLSIF (Yamada et al., 2011). 

• We report the squared errors with different 𝜆 ∈ {0.1, 0.5,0.9}. 
• Tuning 𝜆 can lower the squared errors. 

Ø Two sample test: measure the divergences between ℙ and ℚ by DRMs.

• Investigate whether ℙ = ℚ or ℙ ≠ ℚ.

• 95% confidence interval using DRMs, KLIEP, and MMD for two sample test.

• Report rejection rates.

• If the null-hypothesis is true,
rates close to 0.05 are better.

• If the null-hypothesis is not true, larger rates are better.

Ø We also show results on other applications, such as image generation.

2. Density Ratio

Ø KL divergence (Kullback and Leibler, 1951):

KL ℙ ∥ ℚ ≔ <𝑝∗ 𝑥 log
𝑝∗ 𝑥
𝑞∗ 𝑥

d𝑥.

n KL divergence can be approximated by the maximized log likelihood in DRE:

PKL ℙ ∥ ℚ = max
+∈ℛ, /.1. ∫ + 3 $∗ 3 43()

1
𝑛
9
'()

*

log 𝑟(𝑋') .

Ø IPMs with a function class 𝓕 (Zolotarev, 1984; Müller, 1997):

IPMℱ ℙ ∥ ℚ = sup
6∈ℱ

<𝑓 𝑥 𝑝∗ 𝑥 d𝑥 − <𝑓 𝑧 𝑞∗ 𝑧 d𝑧 .

• Ex. ℱ is a class of Lipschitz continuous functions → Wasserstein distance.

n Likelihood under stratified samplings schemes:

Likelihood defined over both 𝑋' '()* and 𝑍7 7()
8

. 

• For observations 𝑍7 7()
8 ∼ 𝑞∗, we can estimate1/𝑟∗ by solving

max
+∈ℛ

1
𝑚
9
7()

8

log
1

𝑟 𝑍7
s. t. <

1
𝑟 𝑥

𝑝∗ 𝑥 d𝑥 = 1 .

n By combining two likelihoods 
)
*
∑'()* log 𝑟 𝑋' and − )

8
∑7()8 log 𝑟 𝑍7 ,

max
!∈ℛ
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𝑛
&
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log 𝑟(𝑋$) −
1
𝑚
&
(%&

)

log 𝑟 𝑍( s. t. 4
1

𝑟 𝑥
𝑝∗ 𝑥 d𝑥 =4𝑟 𝑧 𝑞∗ 𝑧 d𝑧 = 1 .

Ø This objective is a likelihood under stratified sampling scheme. 

• Consider an exponential density ratio model, 𝑟(𝑥) = exp 𝑓 𝑥 . Then,

max
!∈ℱ

1
𝑛&
$%&

'

𝑓(𝑋$) −
1
𝑚&

(%&

)

𝑓(𝑍() s. t. 1exp −𝑓 𝑥 𝑝∗ 𝑥 d𝑥 =1exp 𝑓(𝑧 ) 𝑞∗ 𝑧 d𝑧 = 1

n IPMs are maximized log likelihoods under stratified sampling scheme.

𝑝∗(𝑥) 𝑞∗(𝑥)

Density ratio 𝑟 𝑥 = "∗ #
$∗ # .

5. Density Ratio Metrics

Ø Define the Density Ratio Metrics (DRMs):

DRMℛ
9 ℙ ∥ ℚ = sup

+∈:(ℛ)
𝜆<log 𝑟(𝑥) 𝑝∗ 𝑥 d𝑥 − (1 − 𝜆)<log 𝑟 𝑥 𝑞∗(𝑥) d𝑥 ,

𝐶 ℛ = 𝑟 ∈ ℛ:<𝑟(𝑥) 𝑞∗ 𝑥 d𝑥 = <
1

𝑟(𝑥)
𝑝∗ 𝑥 d𝑥 = 1 .

• A distance based on the weighted average of maximum log likelihood of 
the density ratio under stratified sampling scheme (𝜆 ∈ [0,1]).

n An empirical version of the DRMs is given as

dDRMℛ
9 ℙ ∥ ℚ = max

+∈:(ℛ)
𝜆
1
𝑛
9
'()

*

log 𝑟(𝑋') − (1 − 𝜆)
1
𝑚
9
7()

*

log 𝑟(𝑍7) .

Ø DRMs include the KL divergence and IPMs.

6. Choice of 𝝀 and ℛ

7. Applications and Experiments

n The hyper-parameter 𝜆 ∈ [0, 1] bridges the KL divergence and IPMs.

- If 𝜆 = 1/2, DRMℛ
)/< ℙ ∥ ℚ = )

< IPM:(ℛ) ℙ ∥ ℚ .

- If 𝜆 = 1, DRMℛ
) ℙ ∥ ℚ = KL ℙ ∥ ℚ .

- If 𝜆 = 0, DRMℛ
= ℙ ∥ ℚ = KL ℚ ∥ ℙ .

We can relax the common support assumption by defining the integral interval appropriately.

Ø Choice of 𝝀. 

• If we are interested in an accurate measure of probability distances, we 

can choose 𝜆 to minimize the asymptotic variance of dDRMℛ
9 ℙ ∥ ℚ .

• Under certain conditions, dDRMℛ
9 ℙ ∥ ℚ →

>
𝒩(DRMℛ

9 ℙ ∥ ℚ , 𝑉(𝜆)), 
where 𝑉 𝜆 = 𝜆Var ∫ log 𝑟 𝑥 𝑝∗ 𝑥 d𝑥 + (1 − 𝜆)Var ∫ log 𝑟 𝑥 𝑞∗(𝑥) d𝑥 .

• 𝜆 = +,-ℙ ./0 1 2
+,-ℙ ./0 1 2 3+,-ℚ ./0 1 2

minimizes the asymptotic variance.

Ø Choice of ℛ. → Smoothness of the model of the density ratio.

Ex. Spectral normalization (Miyato et al., 2016)
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