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◼ Loss ℓ𝑡(𝑎, 𝑋𝑡) follows the linear models:

ℓ𝑡 𝑎, 𝑋𝑡 = 𝜙 𝑎, 𝑋𝑡 , 𝜃𝑡 + 𝜀𝑡 𝑎 .

𝜙 𝑎, 𝑋𝑡 ∈ ℝ𝑑 is a feature map.

𝜃𝑡 is a coefficient of a linear model. 

𝜀𝑡 𝑎 is a bounded error term with mean zero. 

✓Stochastic setting:

• 𝜃𝑡 is fixed and does not change across rounds: 
𝜃1 = 𝜃2 = ⋯ = 𝜃𝑇 .

✓Adversarial setting.

𝜃𝑡 is chosen to maximize the regret.

Our contributions:

◼ We propose the LC-Tsallis-INF algorithm.

◼ The regret is given as follows:

• Stochastic setting: 𝑂 log 𝑇 regret. 

• Stochastic setting with the margin condition:  
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2+𝛽 regret, where 𝛽 ∈ (0,+∞].

• Adversarial setting: 𝑂 𝑇 regret.

◼ Investigation of arm-dependent and arm-
independent feature settings. 

✓ Existing studies:

𝑂(log 𝑇 2) regret in stochastic bandits. 

• 𝑂(log 𝑇 ) regret is possible if we incur a high computational cost.

𝑇 regret in adversarial bandits. 

• No margin conditions (only consider the case with 𝛽 = ∞).

Multi-armed bandit problem

𝐾 arms: 1, 2, … , 𝐾.  𝑇 rounds: 1,2, … , 𝑇. 
Context 𝑋𝑡 ∈ 𝒳. 

• Arm 𝑎 yields a loss ℓ𝑡(𝑎, 𝑋𝑡) in round 𝑡. 

◼ Decision maker: In each round 𝑡 = 1,2, … . , 𝑇. 

• Observes a context 𝑋𝑡. 

• Chooses arm 𝐴𝑡 ∈ [𝐾] based on 𝑋𝑡 and past 
observations.

• Incurs a loss ℓ𝑡(𝐴𝑡, 𝑋𝑡). 

◼ Goal: minimize the cumulative loss σ𝑡=1
𝑇 ℓ𝑡(𝐴𝑡, 𝑋𝑡).

◼ Measure the performance by using the regret:
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(ℓ𝑡 𝐴𝑡, 𝑋𝑡 − ℓ𝑡 𝜌 𝑋𝑡 , 𝑋𝑡 ) .

Best-of-Both-Worlds Bandits

◼ Stochastic bandits. 

• Distribution of the losses is fixed.

• In many cases, 𝑂 log 𝑇 regret is optimal.

◼ Adversarial bandits.

• Losses are chosen to maximize the regret.

• In many cases, 𝑂 𝑇 regret is optimal. 

✓ Algorithms designed for one of the two settings 
tend to be suboptimal when applied to the other.

➢ Best-of-Both-Worlds algorithms.

• Perform well in both settings.

LC-Tsallis-INF algorithm:

◼ Estimator of the regression coefficient 𝜃𝑡:

መ𝜃𝑡 ≔ 𝔼 𝜙 𝐴𝑡, 𝑋𝑡
⊤𝜙 𝐴𝑡, 𝑋𝑡

−1𝜙 𝐴𝑡, 𝑋𝑡 ℓ𝑡 𝐴𝑡, 𝑋𝑡 .

• Computation of 𝔼 𝜙 𝑎, 𝑋𝑡
⊤𝜙 𝑎, 𝑋𝑡

−1 depends on the assumption 
about the knowledge of the context distribution.

◼ Estimator of the loss: ෠ℓ𝑡 𝑎, 𝑋𝑡 = 𝜙 𝑎, 𝑋𝑡 , መ𝜃𝑡

◼ Select arm 𝑎 with the following probability:

𝜋𝑡 𝑎, 𝑋𝑡 = 1 − 𝛾𝑡 𝑞𝑡 𝑎, 𝑋𝑡 + 𝛾𝑡𝑒
∗ 𝑎, 𝑋𝑡 .

𝑒∗ 𝑎, 𝑋𝑡 is an exploration policy, given by the 
decision maker in advance of the bandit trial.

𝛾𝑡 is a parameter tuned in this algorithm.

𝑞𝑡(𝑎, 𝑋𝑡) is obtained by the Follow-The-Regularized 
Leader (FTRL) with the 𝛼-Tsallis entropy.

𝑞𝑡 𝑥 ≔ arg min
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෠ℓ𝑡 𝑥 = ෠ℓ𝑡 1, 𝑥 , ෠ℓ𝑡 2, 𝑥 ,⋯ , ෠ℓ𝑡 𝐾, 𝑥
⊤
.

Δ𝐾 is the (𝐾 − 1)-dimensional probability simplex. 

𝜓 𝑞 ≔
1

𝛼
1 − σ𝑎∈ 𝐾 𝑞 𝑎 𝛼 is the the 𝛼-Tsallis

entropy. In our analysis, we use 𝛼 = 1/2. 

𝜂𝑡 is a parameter tuned in this algorithm.

◼We analyze the performances with various situations:

• Adversarial regime with a self-bounding constraint 

• Margin condition with parameter 𝛽 ∈ (0,+∞].

• Arm-dependent and arm-independent feature maps.
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